In this paper, we generalize the construction of the Bloch-Kato exponential map to p-adically complete higher-dimensional local fields of mixed characteristic (0, p). As an application, we prove an explicit reciprocity law, generalizing Théorème IV.2.1 in [CC99] . This result relies on the calculation of the Galois cohomology of a p-adic representation V in terms of its (φ, G)-module.
Introduction

Statement of the main results
Throughout this paper, let p be an odd prime. Let B dR and B max be the period rings of Fontaine [Fon90] , and let V be a de Rham representation of G F , where F is a finite extension of Q p and G F denotes its absolute Galois group. In [BK90] , Bloch and Kato have constructed an exponential map
which is obtained by taking G F -cohomology of the fundamental exact sequence . If V = Q p ⊗ Zp T , where T is the p-adic Tate module of a p-divisible group G defined over F , then V is a de Rham representation of G F , and exp F,V agrees with the exponential map on the tangent space of G: as shown in Section 3.10.1 in [BK90] , there is a commutative diagram
where δ is the Kummer map. The cup product gives a perfect pairing
and one can use it to 'dualize' (1) to obtain the dual exponential map exp * F,V : H 1 (F, V * (1)) -D dR (V * (1)).
An important application of the dual exponential map is the explicit reciprocity law of Cherbonnier and Colmez (Théorème IV.2.1 in [CC99] ): An unpublished theorem of Fontaine (c.f. Théorème II.1.3 in [CC99] ) states that the group lim ← − H 1 (F n , V ), where the inverse limit is taken with respect to the corestriction maps in the cyclotomic tower, is canonically isomorphic to a submodule of the overconvergent (φ, Γ)-module of V . Théorème IV.2.1 in [CC99] shows that if V is a de Rham representation of G F , then the inverse of this isomorphism can be described in terms of the dual exponential map.
In this paper, we generalize the Bloch-Kato exponential map to higher dimensional local fields. Let L be a p-adically complete discrete valuation field of mixed characteristic (0, p) and residue field
. A classical result from the theory of higher-dimensional local fields states that L is a finite extension of a standard local field K (c.f. Section 2). Kato [Kat99] and Brinon [Bri06] have defined higher-dimensional analogues of Fontaine's rings of periods, and in [Bri06] Brinon shows the existence of a higher fundamental exact sequence
where B ∇ dR /B ∇+ dR has the exact resolution
In Section 5, we define de Rham cohomology groups H i dR (V ) for any p-adic representation V of G L , and we show that (2) gives rise to exponential maps
for 1 ≤ i ≤ d. Analogous to the classical case, one can dualize (3) to obtain dual exponential maps
In the case when V ∼ = Q p ⊗ Zp T , where T is the p-adic Tate module of a p-divisible group G defined over L, the Hodge-Tate weights of V are contained in the set {0, 1}, which implies that exp (i),L,V and exp * (i),L,V are the zero maps unless i = 0, 1. Furthermore, one can show that exp (0),L,V agrees via the Kummer map with the exponential map on the tangent space of G. We will study this case in detail in a forthcoming paper.
As an application of this construction, we prove the following result, which can be seen as a generalisation of Théorème II.1.3 in [CC99] . 
The map δ (i) will be defined in Section 6.3.
The construction of the maps δ 
. If L is a finite extension of Q p , then G L is isomorphic to an open subgroup of Z p and hence topologically generated by one element, which makes the mapping cone T
• (D(V )) comparatively easy to handle (c.f. [Her98] ). In the higher-dimensional case however, the group G L is a non-commutative p-adic Lie group of dimension dim L. In Section 6.2 we calculate the G L -cohomoloy of D(V ) via the Koszul complex, which enables us to prove the crucial result that the submodule D(V ) ψ=0 has trivial G L -cohomology (c.f. Proposition 6.8).
In a forthcoming paper, we shall generalize the results of this paper to the relative situation (c.f. [And06] ).
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Notation
• If A is perfect ring of characteristic p, denote by W (A) its ring of Witt vectors. For a ∈ A, denote by [a] ∈ W (A) its Teichmüller representative.
• For a field F , denote by O F its ring of integers. If F is a local field of characteristic 0, denote by k F its residue field. Also, denote byF a separable closure of F .
• For a local field K of mixed characteristic (0, p), denote by C K the completion of an algebraic closure of K. Also, denote by C p the completion of an algebraic closure of Q p .
• We denote by v p the p-adic valuation onQ p and by |∼| p the induced norm, normalised as | p | p = p −1 .
• Let G be a profinite group and M a topological abelian group with a continuous G-action. By H • (G, M ) we always mean continuous group cohomology. Write C
• (G, M ) for the continuous cochain complex with coefficients in M (c.f. Section II.3 in [NSW00] ).
• Let K be a field andK a separable closure. If M is an abelian group with a continuous action of Gal(K/K), denote by H i (K, M ) the ith Galois cohomology group H i (Gal(K/K), M ).
• For a profinite group G, denote by Λ(G) its Iwasawa algebra, which is defined as the inverse limit lim
where U runs over all open normal subgroups of G.
The Iwasawa tower
Definition. A complete discrete valuation field K is a d-dimensional local field if there exists a sequence
is a complete discrete valuation field with residue field K i for all i and K 0 is finite.
For a complete discrete valuation field F , let
Let L be a p-adically complete discrete valuation field of mixed characteristic (0, p) and residue field
Let γ be a topological generator of Γ, and for all 1 ≤ i ≤ d let h i be a topological generator of H i .
The following standard result will be important in Section 6.2 Lemma 2.4. The Iwasawa algebra Λ(H L ) is isomorphic to the power series ring
We write M for the unique maximal ideal of Λ(H L ).
3 Theory of p-adic representations
Fields of norms
We follow the construction in [And06] . Then the tower (K n ) n≥1 is strictly deeply ramified, so there exists n 0 ∈ N and 0 <| ξ | K < 1 such that for all n ≥ n 0 the p-power map O Kn+1 /ξ → O Kn /ξ is a surjection.
O Kn /ξ, where the inverse limit is taken with respect to the p-power maps.
Then E + K is a complete discrete valuation ring of characteristic p independent of n 0 and ξ. Letπ be a uniformizer of E + K , and let
We call E K the field of norms of the tower (K n ). Note that E K is quipped with a natural action of G K which commutes with the Frobenius operator φ. Let v E be the discrete valuation on E K normalised by v E (π) = 1.
One can show (c.f. Section 4.3 in [And06] ) that E + K is a subring of the ringẼ + K which is defined as follows: Let K ∞ be the p-adic completion of K ∞ , and defineẼ + K to be the ring
where the transition maps are defined by raising to the pth power, the multiplicative structure is induced by the one on K ∞ and the additive structure is defined as 
For every finite extension
Theorem 3.1. There is an isomorphism of toplogical groups
Proof. Corollary 6.4 in [And06] .
For all n ≥ 1 let ε (n) be a primitive p n th root of unity such that ε (n) p = ε (n−1) . Assume that for all
One can show that ε − 1 is a uniformizer of E K . From now on, we letπ = ε − 1.
(φ, G K )-modules
DefineÃ K = W (Ẽ K ) (resp.Ã) to be the ring of Witt vectors ofẼ K (resp.Ẽ). ThenÃ is equipped with two topologies -the strong p-adic topology, and the weak topology which is defined as follows: consider onẼ the topology having {π nẼ+ } as a fundamental system of neighbourhoods of 0. On the truncated Witt vectors W m (Ẽ) we consider the product topology via the isomorphism W m (Ẽ) ∼ = (Ẽ) m . The weak topology is then defined as the projective limit topology W (Ẽ) = lim ← −m W m (Ẽ). 
Proof. Appendix C in [And06] .
Explicitly, A K can be constructed as follows:
One can then show (c.f. Lemma 7.5 in [And06] ) that A K is a p-adically complete and separated, Noetherian and regular domain. Define A Proof. A basis of neighbourhoods of 0 in the weak topology is given by
n has the discrete topology, and
By construction, A is equipped with an action of H K which commutes with φ, and one can show (c.f. Proposition 7.9 in [And06] ) that for any finite extension
be the abelian tensor category of finite dimensional Q p -vector spaces (resp. finitely generated Z p -modules) with a continuous action of
Then D(V ) is a finite dimensional vector space over B L (resp. anétale finitely generated A K -module) endowed with a semi-linear action of
which is a finite-dimensional Q p -vector space (resp. finitely generated Z p -modules) with a continuous action of G L induced from the action of G L on A and the action of G L on D.
Definition. 
The following result will be important in Section 6.2.
As a topological group, D(V ) is the projective limit of additive discrete p-groups.
Proof. The result follows from Corollary 3.4 since D(V ) is a finitely generated A L -module.
Rings of periods
The ring B dR
Most of the results of this section are quoted from [Kat99] and [Bri06] . Define θ :
Note that θ is surjective.
Lemma 3.7. ker(θ) is a principal ideal, generated by ω =
Definition. Define B ∇+ dR to be the separated completion ofB + for the ker(θ)-adic topology.
By Lemma 3.7, the ring B ∇+ dR is a discrete valuation ring with uniformizing element
dR is equipped with an action of G K and a separated and exhaustive decreasing filtration fil
• defined by fil
Proof. See Proposition 2.1.7 in [Bri06] .
dR extends to a continuous action on B dR , and one can show the following results:
Proof. Proposition 2.1.13 in [Bri06] .
A more general version of this result was proven by Kato [Kat99] (c.f. Lemma 5.1).
Filtration on B dR . Observe that B + dR is equipped with the filtration fil
Define a filtration Fil
• on B dR be putting
One can show (c.f. Proposition 2.2.1 in [Bri06] ) that the filtration (Fil r B dR ) is decreasing, separated and exhaustive and stable under the action of G L .
Connection on B dR . By Proposition 3.8, we know that
Lemma 3.10. We have B + dR
Proposition 3.11. For all r ∈ Z, the connection ∇ gives an exact sequence
Proof. Proposition (2.1.10) in [Kat99] .
Corollary 3.12. The connection ∇ gives exact sequences
Proof. Immediate from Proposition 3.11 by passing to the direct limit over r.
The vector space D dR (V ) is equipped with a filtration Fil
• and a connection ∇ :
Notation. To simplify the notation, we will write D r dR (V ) for Fil r D dR (V ).
The ring B ∇ max
Let A ∇ max be the separated completion in the p-adic topology of the sub-Ã + -algebra ofÃ + generated by
It is clear from the definition that A max inherits fromÃ + a continuous action of G K and of the Frobenius operator φ, and it is easy to see that φ(t) = pt and g(t) = χ(g)t. These actions therefore extend to actions of
Proof. Corollary 2.4.11 in [Bri03] .
The following result is crucial in the construction of the higher exponential maps.
Proof. Proposition 2.4.16 in [Bri06] .
4 Overconvergent (φ, G K )-modules
Construction
The rings of overconvergent series were defined in [AB06] . For r ∈ Q >0 , letÃ (0,r] be the set of elements
Note that if r < r ′ , thenÃ 
Using (4), we can give an explicit (geometric) description of A
be the algebra of power series
}} which converges on the annulus Z ∈ C K : 0 < v p (Z) ≤ r and is bounded. To prove Proposition 4.1, we follow the strategy in Section II in [CC98] and start by proving the following result:
As shown in the proof of Proposition 4.3 in [AB06] , the map v ≤k E has the following properties:
Note that Proposition 4.1 can be reformulated as follows:-
Then the following two conditions are equivalent:
(y j ). Now the formula v 0 E (y k ) = i k implies that the following two conditions are equivalent:
Since there is only a finite number of j < 0 such that v K (a j ) = k for every k, condition (2) is equivalent to the condition that lim k→+∞ rv K (a k ) + k = +∞, which finishes the proof.
The following result will be useful in Section 4.2:
, and define
) has a basis of overconvergent elements.
Proof. Theorem 4.42 in [AB06] .
The rings B (0,r] are important since they are the bridge between the world of (φ, G L )-modules and the world of de Rham representations.
Lemma 4.6. An element
dR is complete in the (p, ker(θ))-adic topology, this finishes the proof.
Proposition 4.7. Let n r ∈ N be such that p −nr < r. Then for all n ≥ n r the map φ −n defines an injection
, so by definition we have lim k→+∞ rv E (z k ) + k = +∞, which implies that
Now
K converges in C K by (6), which finishes the proof by Lemma 4.6.
Corollary 4.8. Let V ∈ Rep(G L ), and let n ∈ N such that p −n < r V . Then φ −n defines an injection
The ψ-operator
We have seen in Section 3.2 that φ defines a map B → B. In fact, B is a finitely generated vector space over φ(B) of dimension p d . Explicitly, a basis of B over φ(B) is given by
The following properties of ψ are immediate: The main result of this section is Proposition 4.11 below. In order prove it, we closely follow the strategy of the proof of Proposition III.3.2 in [CC99] . We need a couple of preliminary results, whose proofs are identical to the 1-dimensional case (c.f. [CC99] ). As in Section 5.1, define
It is easy to check that ω n has the following properties:
(
Proof. See Lemma I.6.1 in [CC98] . K . If we define ω k (φ) to be the supremum of ω k (a i,j ), then
by Lemma 4.1. Let y ∈ D † (V ) ψ=1 , and write y = m i=1 y i φ(e i ). To prove the proposition it is sufficient to show that y i ∈ A 
We deduce that ω n (y) ≤ ω n (Φ) + ωn(y) p + 1 and hence ω n (y) ≤ p p−1 (ω n (Φ) + 1). It follows therefore from (7) that 
is given by taking cup product with log χ.
is given by taking cup product with log χ. Definition. By Corollary 3.12 the connection ∇ on B dR induces an exact sequence of G L -modules
which gives rise to a spectral sequence E 
Lemma 5.4. For all 2 ≤ i ≤ d, we have an isomorphism
Proof. Clear from Corollary 5.3.
Lemma 5.5. For all 1 ≤ i ≤ d, the spectral sequence gives rise to maps
dR (V ). Proof. By Lemma 5.4, it is sufficient to construct maps
. To construct the maps for i = 1, observe that we have a short exact sequence
The exactness of (9) implies that in fact g
Proof. We have already seen that Im(g
. In order to prove the proposition it is therefore sufficient to construct a map h 
Note. We can consider this decomposition as a Hodge decomposition. By construction, 
and the inverse of ν
, Proposition (2.1.10) Kato shows that (8) can be refined to
Define the filtered de Rham cohomology H
• dR,fil (V ) of V to be the cohomology of the complex
A close analysis of the above construction then shows that exp (i),L,V factors through
Duality
Notation. We keep the notation of Section 5.1. Let e 
Proof. Higher Tate isomorphism (c.f. Theorem 5.1 in [Koy03] ).
Lemma 5.9. For all 1 ≤ i ≤ d, the wedge product gives a pairing
Proof. It is clear that the wedge product gives a pairing
Lemma 5.10. The spectral sequence gives an isomorphism ι L,V :
. The main result of this section is Proposition 5.14 below. We first need a couple of preliminary lemmas.
Lemma 5.11. We have short exact sequences
Proof. Clear from Proposition 5.3.
Corollary 5.12. We have an isomorphism
Qp(d) ). Proof. The exact sequence (13) in Lemma 5.11 induces an isomorphism
Qp(d) ) The above isomorphism is therefore an immediate consequence of Lemma 5.1.
Lemma 5.13. Taking the wedge product of (11) with X 
Proof of (i). By the preceding observation,f
is given by the cocycle u 2 log χ. Nowf i V arises as a connection homomorphism of Galois cohomology, so we deduce from the properties of the cup product thatf
We therefore have to show that the image of
. But this is immediate from the construction of ι Qp(d) .
Proof of (ii). Arguing as above, we haveh
. The result therefore follows by similar arguments as in (i).
Proposition 5.14 has the following important consequence, which establishes a duality between exp (i),L,V and exp * (i),L,V .
6 The explicit reciprocity law 6.1 Galois cohomology of B
∇ dR
The aim of this section is the proof of Proposition 6.6, which allows us to descend from
HL . To prove the propoisition, we closely follow the strategy in Section IV in [Col98] , using results from [Bri03] and [AI07] . The starting point are the following two results:-
Proof. See [Hyo86] .
Proof. See the remark after the proof of Lemma 4 in [Bri03] .
Lemma 6.3. For all k ∈ {1, 2, . . . , +∞}, we have
Proof. The case k = 1 corresponding to B
can be obtained from the case k ∈ N by passing to the direct limit. On the other hand, if k ≥ 1, then we have a short exact sequence
Taking H L -cohomology reduces the result to showing that
Since we have an isomorphism of (14) follows from Proposition 6.1 above.
As a corollary, we obtain the following result, which is an analogue of Théorème IV.2.1 in [Col98] .
Proof. By choosing a basis e 1 , . . . , e n of V over Q p we can consider the representation as a continuous 1-
dR . But this cocycle is trivial by Proposition 6.2, which implies that the 
Proof. Immediate consequence of (iii) in Proposition 6.6 and the Hochschild-Serre spectral sequence.
Galois cohomology of D(V ) ψ=1
To simplify the notation, throughout this section we drop the indices of Γ L and H L . Let V be a p-adic representation of G K . The main result of this section is the following proposition, which can be seen as a generalisation of Proposition I.5.1 in [CC99] :-
A crucial ingredient in the proof is the following result from [AB06] :-
Proof. Proposition 4.44 in [AB06] .
Remark 6.10. In fact, the proof of Proposition 4.46 in [AB06] shows that there exists r In order to prove Proposition 6.8, it is therefore sufficient to show that D(V ) i has trivial G L -cohomology for all 0 ≤ i ≤ d − 1. We first prove the result for i = 0. By the Hochschild-Serre spectral sequence it is sufficient to show that for all 0
has trivial Γ-cohomology (c.f. Corollary 6.16 below), which is equivalent to the statement that the map γ − 1 :
is an isomorphism for all i. The proof of this result relies on the observation that the H-cohomology of D(V ) 0 can be calculated using the Koszul complex.
Definition. Let M be a module equipped with a continuous action of H. For 1
Then the Koszul complex K • (M ) of M with respect to h 1 − 1, . . . , h d−1 − 1 is the tensor product in the category of R-complexes of the complexes T [Laz65] ). But the symmetry of the Koszul complex implies that
, which finishes the proof.
Explicitly, the Koszul complex can be constructed inductively in the following way (c.f. [Eis95] ): let K
-. . . 
From this description of the Koszul complex, it is easy to see that the following lemma is true.
Lemma 6.14. Let M be a module with a continuous action of
Proof. Assume without loss of generality that ω ∼ = 1 mod M, where M denotes the unique maximal ideal in Λ(H). Note that
so it is sufficient to show that 1 + (γ − 1) −1 (1 − ω −1 ) is invertible on M , i.e. that the formal expansion of
But this is immediate since ω − 1 ∈ M and the action of G K on M is continuous.
Proof. To simplify the notation, let M = D(V ) 0 . The action of γ defines a homomorphism of complexes
where the lower complex is the Koszul complex with respect to elements h
differs from h i by a unit in Λ(H) for all 1 ≤ i < d. But by Lemma 6.13 the lower complex is quasi-isomorphic to the original complex
Claim. ∆ factors through Im(F j−1 ) and is an inverse of γ − 1 on H j (H, M ). Proof of claim. It is clear from the definition that if ∆ factors through Im(F j−1 ) and restricts to a map
which implies that ∆ factors through Im(F j−1 ). Suppose now that m = (m A ) A∈Aj satisfies F j (m) = 0, so for all C ∈ A j+1 , say C = {k 1 , . . . , k j+1 }, we have
Proof. Since cd p (Γ) = 1, the Hochschild-Serre spectral sequence degenerates to give a short exact sequence
The result is therefore an immediate consequence of Lemma 6.15.
Assume now that i > 0. Let H i = h i . Induction on k therefore implies that M has trivial H k 1 -cohomology, which finishes the proof.
Corollary 6.18. D(V ) i has trivial G-cohomology.
Proof. Since cd p (Γ) = 1, the Hochschild-serre spectral sequence degenerates to give a short exact sequence
for all 1 ≤ j ≤ d. The result is therefore an immediate consequence of Proposition 6.17. 
The explicit reciprocity law
Let V be a p-adic representation of G L . Write T • (D(V )) for the absolute complex of the mapping cone associated to φ − 1 :
Proposition 6.20. For all 0 ≤ i ≤ d + 1 we have a canonical isomorphism
Explicitely, this isomorphism is given as follows: Let (α, β) be an i-cochain of T • (D(V )), i.e. an element in by the coboundary (g 1 , . . . , g i ) → φ −n dσα(g 1 , . . . , g i ) .
By Corollary 6.7 the inflation map gives an isomorphism
. In terms of the relative dual exponential maps, Theorem 6.23 can be restated as follows; 
